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a b s t r a c t 
The demand for designing lightweight structures without any loss of strength or stiffness has conducted
many engineers and researchers to seek for alternative joining methods. In this context, adhesive bonding
may appear as an attractive joining method. However the interest of adhesive bonding remains while the
structural integrity of the joint is ensured. According to recent literature the cohesive zone model (CZM)
appears as a suitable approach able to predict both static and fatigue strength of adhesively bonded joints.
This approach of the fracture process of adhesive layers is based on the modeling of the adhesive me- 
chanical behavior through a set of adhesive cohesive properties in either mode I, mode II or mixed-mode
I/II. The strength prediction of adhesively bonded joints is then highly dependent on the CZM parameters.
The methods used to experimentally characterize them are thus essential. A new methodology, termed
direct method, is presented and tested. It is based on the measurement of displacement ﬁeld of bonded
adherends at the crack tip of classical specimens allowing for the loading of the adhesive layer in pure
mode I, pure mode II and mixed-mode I/II. The tested adhesive is a methacrylate–based two-component
adhesive paste found under the reference SAF30 MIB manufactured by AEC Polymers (ARKEMA group).
The adherends are in aluminium 6060. It is shown that it is possible to characterize the cohesive prop- 
erties of the adhesive layer using the direct method. The numerical tests involve both adherends and
adhesive nonlinearities. Nevertheless, the presented experimental implementation passes by the devel- 
opment of a dedicated data pre-processing to interpret the experimental measurements, highlighting the
signiﬁcance of the choice of the measurement means linked to the design of specimen.
 
 
 
 
 
 
 
 
 
 
 
 
c  
t  
t  
A  
m  
o  
i  
s  
e  
b  
m  
c  
v  
t  1. Introduction
In the frame of structural design, the choice of joining technolo-
gies is decisive since they guarantee the integrity of the manufac-
tured system. The mechanical fastening, such as riveting or screw-
ing, appears the reliable solution for the designers. Nevertheless
alone or in combination with the mechanical fastening, the adhe-
sive bonding joining technology may offer signiﬁcantly improved
mechanical performance in terms of stiffness, static strength and
fatigue strength ( Hart-Smith, 1980; Kelly, 2006 ). The use of this
higher level of mechanical performance allows for the design of
lighter joints. In other words, the adhesive bonding offers the pos-
sibility to reduce the structural mass while ensuring the mechan-
ical strength. The optimization of the strength-to-mass ratio is a∗ Corresponding author.
E-mail address: eric.paroissien@isae-supaero.fr (E. Paroissien).
s  
e  
i  hallenge for several industrial sectors, such as aerospace, automo-
ive, rail or naval transport industries. But, the reduction of struc-
ural mass makes sense only if the structural integrity is ensured.
s result to take beneﬁt from the adhesive bonding in view of
ass reduction, it is required to be able to predict the strength
f bonded joints. The strength prediction consists in the compar-
son of computed strength criteria to design allowable value. The
trength criteria could be based on theoretical, empirical, semi-
mpirical investigations and possibly including in-service feed-
ack. The stress analysis allows for the computation of input data,
andatory to the assessment of strength criteria. The experimental
haracterization allows then for the deﬁnition of design allowable
alue as well as of mechanical behavior to be used as input data of
he mechanical analysis. As highlighted in ( Jumel and al., 2013 ), the
trength of a same joining system at macroscale depends on the
xperimental test specimen and procedure used, which contributes
n restricted reliability or in extensive and expensive experimental
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H  Nomencalture and units 
BBe bonded-beams element 
CZM cohesive zone model 
DIC digital image correlation 
DoE design of experiments 
DCB double cantilever beam 
ENF end notched ﬂexure 
FE ﬁnite element 
ME macro-element 
MMB mixed mode bending 
OSRA optimal sub rank approximation 
SLJ single-lap joint 
SVD singular value decomposition 
A j extensional stiffness (N) of adherend j 
B j extensional and bending coupling stiffness (N mm) 
of adherend j 
D j bending stiffness (N mm 
2 ) of adherend j 
E adherend Young’s modulus (MPa) 
G I strain energy release rate (energy per unit of area: 
mJ or N/mm) in peel 
G II strain energy release rate (energy per unit of area: 
mJ or N/mm)in shear 
G Ic critical strain energy release rate (energy per unit of 
area: mJ or N/mm)in peel 
G Ie adhesive elastic strain energy stored (energy per 
unit of area: mJ or N/mm)in peel 
G IIc critical strain energy release rate (energy per unit of 
area: mJ or N/mm)in shear 
G IIe adhesive elastic strain energy stored (energy per 
unit of area: mJ or N/mm)in shear 
H magnitude of applied displacement (mm) 
J J-integral parameter
K BBe elementary stiffness matrix of a bonded-beam ele- 
ment 
L length (mm) of bonded overlap 
M j bending moment (N mm) in adherend j around the 
z direction 
N j normal force (N) in adherend j in the x direction 
P magnitude of applied force (N) 
S adhesive peel stress (MPa) 
S max maximal adhesive peel stress (MPa) 
T adhesive shear stress (MPa) 
T max maximal adhesive shear stress (MPa) 
V j shear force (N) in adherend j in the y direction 
a crack length (mm) 
b width (mm) of the adherends 
d damage parameter 
e thickness (mm) of the adhesive layer 
h j half thickness (mm) of adherend j 
k I adhesive elastic stiffness (MPa/mm) in peel 
k II adhesive elastic stiffness (MPa/mm) in shear 
n power usd in the adhesive material law 
n_ME number of macro-elements 
t adherend thickness (mm) 
u j displacement (mm) of adherend j in the x direction 
v j displacement (mm) of adherend j in the y direction 
 overlap length (mm) of a macro-element
j characteristic parameter of adherend j in N 
2 mm 2
α angle (rad) used for the deﬁnition the load applica- 
tion in MCB test
β mixed-mode parameter
δt numerical time step (s)b  δu displacement jump (mm) of the interface along the 
x -axis 
δue displacement jump (mm) of the interface along the 
x -axis at initiation 
δuf displacement jump (mm) of the interface along the 
x -axis at propagation 
δv displacement jump (mm) of the interface along the 
y -axis 
δve displacement jump (mm) of the interface along the 
x -axis at initiation 
δvf displacement jump (mm) of the interface along the 
x -axis at propagation 
λ norm of displacement jump (mm) of the interface 
λe norm of displacement jump (mm) of the interface 
at initiation 
λf norm of displacement jump (mm) of the interface 
at propagation 
ν adherend Poisson’s ratio 
θ j bending angle (rad) of the adherend j around the z 
direction 
est campaign. According to ( Li and al., 2006; Khoramishad et al.,
010, 2011; Da Silva and Campilho, 2012 ), the cohesive zone mod-
ling – denoted CZM – appears as one of the most suitable ap-
roach able to model both the static and the fatigue behavior of
dhesive joints. According to Khoramishad et al. (2010) , the CZM
ave the advantage of: (i) considering ﬁnite strains and stresses
t the adhesive crack tip, (ii) indicating both damage initiation
nd propagation as direct outputs of the model, (iii) advancing
he crack tip as soon as the local energy release rate reaches its
ritical value with no need of complex moving mesh techniques.
ased on Continuum Damage Mechanics and Fracture Mechan-
cs, the CZM enables a diagnostic of the current state of the ad-
esive interface damage along the overlap. The damage, associ-
ted to micro-cracks and/or voids coalescence, results in a progres-
ive degradation of the material stiffness before failure. An ide-
lization of a CZM bilinear stress-strain relationship or CZM bi-
inear traction separation law is presented in Fig. 1 . The CZM bi-
inear traction separation law is a well-established interface be-
avior that ﬁrst assumes a linearly dependency relationship be-
ween the interface separation (deformation) and the resulting
raction (stress). Once a prescribed value of separation is reached
y the adhesive, the damage initiation is described in the form
f a linearly decreasing resulting traction. Finally, the propaga-
ion of the damage is described by voluntarily ﬁxing the result-
ng traction to zero, hence modeling the creation of two traction-
ree surfaces (i.e.: physical cracking). Both damage initiation and
amage propagation phases are addressed in the model with no
eed of assuming any initial crack in the material ( Valoroso and
hampaney, 2004; De Moura et al., 2009; Campilho et al., 2013 ).
The strength prediction of adhesively bonded joints is then
ighly dependent on the CZM parameters. The methods used to
xperimentally characterize them are thus essential. As a result,
umbers of authors have addressed this critical point over the past
ew years ( Anderson and Stigh, 2004; Alfredsson et al., 20 03, 20 04;
eﬄer et al., 2007; Högberg, 2006; Högberg and Stigh, 2006; Cui
t al., 2014; Azari et al., 2009; Gowrishankar et al., 2012; Wu et al.,
013 ). Most of these methods make use of the concept of the ener-
etical balance associated to the computation of the path indepen-
ent J-integral ( Rice, 1968 ) along a closed contour of speciﬁcally
esigned joint specimens, known as the inverse method ( Anderson
nd Stigh, 2004; Alfredsson et al., 2003, 2004; Leﬄer et al., 2007,
ögberg, 2006; Högberg and Stigh, 2006 ). The inverse method is
ased on the energetical balance associated with the computation















Fig. 26. (a) Experimental adhesive traction separation law in pure mode II. (b) Comparison between experimental results and numerical predictions in terms of load versus
displacement curves.
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 = p 
(
k ∏ 
i =1
n i 
)
(28) 
Here is considered a full factorial DoE of ﬁve factors with re-
pectively 3 ×3 ×3 ×3 ×2 levels, so that the linear Taguchi’s graph
f effects and interactions can be represented in the form of
ig. 15 . In Fig. 15 , the main effects and interactions are represented,
ermed respectively E (i) and I (ij), of factors i,j = A, B, C, D and E
nto the objective function that is r 2 . Each experiment is repli-
ated 15 times to capture the impact of the measurement disper-
ion, so that the total number of experiments is (3 ×3 ×3 ×3 ×2) ×
5 = 2430. The different factor levels are given in Table 3 . where
NR refers to the simulated Signal-to-Noise ratio, x = y to the spa-
ial resolution of each displacement ﬁeld instantaneous image, t to
he number of instantaneous images taken during the experiment


Table 4
Deﬁnition of aluminum bulk material law identiﬁed. σ = true stress. ε= true strain. 
Elastic Plastic 1 Plastic 2
Model (EPB) σ ( ε) = E ε σ ( ε) = σ 1 + E T ,1 ( ε− ε1 ) σ ( ε) = σ 2 + E T ,2 ( ε− ε2 ) 
Parameters E = 660 0 0MPa 
E T, 1 = 8800 MPa 
σ1 = 200 . 31 MPa 
ε 1 = 0 . 003035 
E T, 2 = 250 MPa 
σ2 = 232 . 84 MPa 
ε 2 = 0 . 04 
Validity 0 ≤ ε ≤ ε1 ε 1 ≤ ε ≤ ε 2 ε 2 ≤ ε 
Table 5
Controlled geometries of the ENF, DCB, MMB and SLJ joint specimens.
a L l t e b
ENF 29.82 mm 71.43 mm N.A. 3.96 mm 0.230 mm 22.0 mm
DCB 30.69 mm 70.0 mm N.A. 3.96 mm 0.180 mm 22.0 mm
MMB 30.21 mm 70.89 mm N.A. 3.96 mm 0.180 mm 22.0 mm
SLJ N.A. 51.4 mm 29.35 mm 3.96 mm 0.120 mm 22.0 mm
Table 6
CZM properties in pure mode I.
Elastic Plastic Softening
Model (CZM) S(ε) = k S ε 1 
ln ( e S ) 
( 1 − exp ( ln ( e S ) ε 1 ε ) ) S ( ε) = S 1 + k S ,1 ( ε− ε1 ) S(ε) = S 2 
ε 3 −ε 
ε 3 −ε2
Parameters
k S = 250 MPa 
e S = 0 . 030 
ε 1 = 0 . 15 
k S, 1 = 2 . 5 MPa 
S 1 = 10 . 37 MPa 
ε 1 = 0 . 15 
S 2 = 10 . 99 MPa 
ε 2 = 0 . 4 
ε 3 = 0 . 75 
Validity 0 ≤ ε ≤ ε1 ε 1 ≤ ε ≤ ε 2 ε 2 ≤ ε ≤ ε 3 
Table 7
CZM properties in pure mode II.
Elastic Plastic Softening
Model (CZM) T (γ ) = k T γ1 
ln ( e T ) 
( 1 − exp ( ln ( e T ) γ1 γ ) ) T ( γ ) = T 1 + k T ,1 ( γ −γ 1 ) T (γ ) = T 2 
γ3 
3 −γ 3
γ3 3 −γ2 3
Parameters
k T = 110 MPa 
e T = 0 . 075 
γ1 = 0 . 2 
k T, 1 = 2 . 5 MPa 
T 1 = 7 . 85 MPa 
γ1 = 0 . 2 
T 2 = 10 . 48 MPa 
γ2 = 1 . 25 
γ3 = 1 . 675 
Validity 0 ≤ γ ≤ γ 1 γ 1 ≤ γ ≤ γ 2 γ 2 ≤ γ ≤ γ 3 
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p  relationships. The mechanical stiffness of the tensile test machine
is characterized so that the resulting displacement measured by
the build-in machine displacement cell is corrected to ﬁt the true
displacement of the adhesive test specimens. Four specimens of
each conﬁguration (e.g. ENF, DCB, MMB and SLJ) are tested. The SLJ
specimens are tested for relevance assessment purposes only. Cor-
relations between experimental and numerical force versus result-
ing displacement curves are used to assess the ability of the direct
approach to characterize the CZM properties. A particular empha-
sis is given to the ability of the suggested approach to provide both
the experimental stiffness and the maximum load bearing capabil-
ity of each adhesive specimen. All the numerical tests presented
in this paper are based on the simpliﬁed stress analyses using ME,
already presented in details in ( Lélias et al., 2015 ). 
4.2.2. Test results and modelling under pure modes 
The constitutive traction separation law of the adhesive layer
obtained in the case of pure mode I and pure mode II loadings
is presented in Figs. 25 -(a) and 26 -(a) respectively. The CZM pa-
rameters for pure mode I and pure mode II l are then provided
in Tables 6 and 7 respectively. On each pure mode, the model ob-
tained is composed by 3 parts: an elastic part, a plastic part and a
softening part. The identiﬁcation of CZM parameters is performed
on the envelope curves built from the cyclic response, using the
elastic stiffness of adherends. The hypothesis underlying is that
the Young’s modulus does not vary signiﬁcantly during the plas-
tic phase. Even if this hypothesis does not hold at large strain of
adherends, it allows drastic simpliﬁcation of the identiﬁcation pro-
cess. It means that the adherend stiffnesses used for the identiﬁca-
tion in Eqs. (18) , (21) , (23) and (24) correspond to the initial elasticalues. A numerical test is then performed assuming a nonlinear
ehavior for both the adherends (following the trilinear approxi-
ation in Table 4 , see Appendix C ) and the adhesive layer. The nu-
erical test predictions, in terms of load / displacement curve, are
hen compared to the experimental test results on DCB and ENF
pecimens in Figs. 25 -(b) and 26 -(b) respectively. A good agree-
ent is shown. 
.2.3. Test results and modelling under mixed-mode I/II 
As previously, the constitutive relationships of the adhesive
ayer when facing mixed-mode I/II solicitations are investigated us-
ng the direct method. Nevertheless, the exploitation of test results
ails, due to the limited axial displacements of both upper and
ower adherends nearby the adhesive crack tip. It results in badly
onditioned measures of the adherends axial displacements, from
hich the differentiation with respect to x is insuﬃciently accu-
ate. An alternative characterization method is then developed for
etermining the effective mixed-mode I/II properties of the tested
MB specimens. It is suggested to use an inverse characteriza-
ion method based on numerical tests. The CZM properties in pure
ode I and pure mode II are considered as well as the nonlin-
ar adhered behavior. Both initiation and propagation mixed-mode
riteria are assumed as following power law energetical relation-
hips (see Eq. (7) ). The idea is then to adjust the value of the value
f the exponent n = m in order numerical prediction ﬁt the exper-
mental tests. In this study, the identiﬁcation was made accord-
ng to tests with two different value of mixed-mode ratio, by the
se of two different lever arm denoted c . Similarly to the previous
ure mode tests, the experimental test results and numerical test
redictions for both mixed-mode ratios are compared in terms of
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t  
p  oad / displacement curve in Fig. 27 . The presented comparison is
or n = m = 1. Good agreement is shown. 
In order to assess the relevance of the measured constitutive
tress-strain relationships of the adhesive layer subjected to pure
ode I, pure mode II and mixed-mode I/II adhesive loadings, ex-
erimental test results and numerical test predictions are com-
ared on the conﬁguration of the SLJ conﬁguration. As shown, in
ig. 28 , good agreement is shown in terms of both stiffness and
aximum load bearing capability of the SLJ joint specimen. Never-
heless, the single-lap joint conﬁguration is known to be submitted
igniﬁcantly more in mode I than in mode II due to the eccentricity
f the load path generating secondary bending moment and large
eel stresses at both overlap ends. To validate the behavior law
nder mixed-mode, other experimental tests should be conducted
ased on various loading and geometrical conﬁgurations. 
. Conclusion
In this paper, a direct method for the assessment of the CZM
arameters of a thin adhesive layer is presented and then imple-
ented. This method is based on the measurement of the dis-
lacement ﬁeld of adherends at the crack tip of classical adhe-
ively bonded specimens (i.e.: ENF, DCB, MMB), allowing for pure
ode I, pure mode II and mixed-mode I/II loadings. Neverthe-
ess, the identiﬁcation presented remains dependent of the mod-
lling framework. The experimental implementation makes use of
 methacrylate-based two-component adhesive paste, found under
he commercial reference SAF30 MIB manufactured by AEC Poly-
ers / Bostik (ARKEMA Group). The adherends are made in alu-
inum alloy (6060 series). The adhesive constitutive stress-strain
elationships are derived from the monitoring of the evolution at
rack tip of both the relative displacement of interfaces and the
isplacement ﬁeld of the adherend, using the DIC technique. The
ain diﬃculty encountered within the experimental implemen-
ation concerns the experimental measurements. Indeed, a dedi-
ated data preprocessing (see Appendix B ) is developed to best ﬁt
he experimental data coming from the DIC technique. The use of
xperimental measurement providing a higher resolution such as
peckle interferometry could be more suitable. 
In pure mode I and pure mode II, it is shown that the adhe-
ive layer experiences three distinct phases. The ﬁrst one, the lin-
ar elastic phase, appears as extremely limited compared to the
hole deforming capability of the adhesive layer. A mathemati-
al model is then provided for each mode. Under mixed-mode, the
ata preprocessing fails in interpreting the experimental measure-
ents, so that a dedicated method is suggested. The mathematical
odels are then implemented to perform numerical tests using a
impliﬁed stress analysis based on ME. In terms of global behavior,
he predictions of numerical tests are in a close agreement with
he results of experimental tests, up to the ﬁnal failure of speci-
ens. Besides, it is indicated that the identiﬁcation of CZM prop-
rties presented in this paper involves specimens, the adherends
f which experienced plasticization. Even if the simpliﬁed stress
nalysis based on ME allowing for numerical tests supports both
onlinear adhesive and adherend material behavior, the embedded
evel of complexity in the experimental test procedure appears as
levated. The implementation of the direct method should be then
ested through various combinations of adherends and adhesive
aterials and various geometries, some of which should prevent
he adherends to plasticize, to assess the reliability of the experi-
ental procedure. The effect of the adhesive thickness on the ma-
erial law could be investigated using measurement means with a
etter performance. cknowledgment 
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ppendix A 
Considering the local equilibrium equations Eq. (8) , the adhe-
ive stresses are replaced by their expressions as functions of ad-
erend displacements Eq. (9) . In conjunction Eq. (10) , it results in
 system of twelve linear ﬁrst-order ordinary differential: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
d u 1 
dx
= D 1 1 N 1 + 
B 1 
1 
M 1 
d u 2 
dx
= D 2 2 N 1 + 
B 2 
2 
M 2 
d v 1 
dx 
= θ1 
d v 2 
dx 
= θ2 
d θ1 
dx
= B 1 1 N 1 + 
A 1 
1 
M 1 
d θ2
dx
= B 2 2 N 2 + 
A 2 
2 
M 2
d N 1
dx
= b k II u 1 + b k II h 1 θ1 − b k II u 2 + b k II h 2 θ2
d N 2
dx
= −b k II u 1 − b k II h 1 θ1 + b k II u 2 − b k II h 2 θ2
d V 1
dx
= b k I v 1 − b k I v 2
d V 2
dx
= −b k I v 1 + b k I v 2
d M 1 
dx
= b h 1 k II u 1 + b k II h 1 h 1 θ1 − b h 1 k II u 2 + b k II h 1 h 2 θ2 −V 1 
d M 2 
dx
= b h 2 k II u 1 + b k II h 2 h 2 θ1 − b h 2 k II u 2 + b k II h 2 h 2 θ2 −V 2 
(A1) 
This system can be written as dX 
dx 
= AX where A is 12 ×12 ma-
rix with real constant components and the unknown vector X
uch that t X = ( u 1 u 2 v 1 v 2 θ1 θ2 N 1 N 2 V 1 V 2 M 1 M 2 ) . But the el-
mentary stiffness matrix corresponds to the relationship between
he vector of nodal forces and the vector of nodal displacements
 Paroissien, 2006a; Paroissien et al., 2006b, 2007, 2013; Lélias et al.,
015 ), such as: 
 
 
 
 
 
 
−N 1 ( 0 )
−N 2 ( 0 ) 
N 1 ( )
N 2 ( ) 
−V 1 ( 0 ) 
−V 2 ( 0 ) 
V 1 ( )
V 2 ( )
−M 1 ( 0 ) 
−M 2 ( 0 ) 
M 1 ( )
M 2 ( )
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟ ⎟ ⎟⎟⎟⎟⎟⎟⎟⎟⎠
= K BBe 
⎛
⎜ ⎜⎜ ⎜⎜ ⎜⎜ ⎜⎜ ⎜⎜ ⎜ ⎜ ⎜ ⎜⎜ ⎜⎜ ⎜⎝ 
u 1 ( 0 )
u 2 ( 0 ) 
u 1 ( ) 
u 2 ( ) 
v 1 ( 0 ) 
v 2 ( 0 ) 
v 1 ( ) 
v 2 ( ) 
θ1 ( 0 ) 
θ2 ( 0 ) 
θ1 ( ) 
θ2 ( )
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(A2) 
The fundamental matrix of A , termed A , is computed at x = 0
nd x = ; using the SCILAB software, the associated command is
expm”: 
A ( x = 0 ) = expm ( A. 0 )
A ( x = ) = expm ( A. )
(A3) 
From these both 12 ∗12 matrices, two matrices M’ and N’ are ex-
racted. M’ ( N’ ) is composed of the lines related to the nodal dis-
lacements (forces). For each, a ﬁrst block of six lines and twelve
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(rows comes from A (x = 0 ) and the second block of six lines and
twelve rows come from A (x = ) , such that: ⎧⎪⎪⎨
⎪ ⎪ ⎩ 
M ′ = U ( 0 , ) =
(
[ A ( x = 0 ) ] i =1 , 2 , 3 , 4 , 5 , 6 ; j=1:12
[ A ( x = ) ] i =1 , 2 , 3 , 4 , 5 , 6 ; j=1:12
)
N ′ = F ( 0 , ) =
(
[ A ( x = 0 ) ] i =7 , 8 , 9 , 10 , 11 , 12 ; j=1:12
[ A ( x = ) ] i =7 , 8 , 9 , 10 , 11 , 12 ; j=1:12
) (A4)
where i ( j ) indicates the line (row) number. 
As K BBe is deﬁned according to ( [u 1 (0) u 2 (0) u 1 ( ) u 2 ( ) v 1 (0)
v 2 (0) v 1 ( ) v 2 ( ) θ1 (0) θ 2 (0) θ 1 ( ) θ2 ( )] ), a simple rearrange-
ment of the order of lines of M’ is performed to produce the ma-
trix M . Similarly, the matrix N’ is submitted to the same opera-
tion. In a same way, the terms related to nodal forces at x = 0
are multiplied by −1 to follow the arrangement ( [ −N 1 (0) −N 2 (0)
N 1 ( ) N 2 ( ) −V 1 (0) −V 2 (0) V 1 ( ) V 2 ( ) −M 1 (0) −M 2 (0) M 1 ( )
M 2 ( )] ). It leads to the deﬁnition of the matrix N . The elementary
stiffness matrix K BBe is equal to the product of N and the inverse
of M ( Paroissien et al., 2013; Lélias et al., 2015 ): K BBe = N.M −1 . 
Even if it is not the topic of this paper, it is obvious that this
previous approach can be easily used to develop ME, under differ-
ent local equilibrium equations (e.g. Hart-Smith ( Hart-Smith 1973;
Luo and Tong 2009; Paroissien et al., 2018 ) or under different con-
stitutive equations (e.g. Tsai et al., 1998 ) and/or including different
number layers of adhesives and adherends (e.g. double lap joint
conﬁguration). It is indicated that the resolution using the expo-
nential matrix was already been used in previous works ( Gustafson
et al., 2006; Gustafson and Waas, 2007; Gustafson, 2018; Gustafson
and Waas, 2009; Stapleton and Waas, 2007; Stapleton et al., 2010;
Stapleton, 2012; Stapleton et al., 2012; Stapleton et al., 2017 ). The
use of the resolution scheme using the exponential matrix is suit-
able in the case of nonlinear analysis since a mesh is required. It is
suitable in the case of non-homogeneous elastic adhesive proper-
ties too ( Paroissien et al., 2018 ). Besides, it is useful for the formu-Fig. B.1. Digital mapping of the adherend-to-adheration of new macro-elements under various simpliﬁed hypotheses
 Paroissien et al., 2018 ). 
ppendix B 
The data pre-processing algorithm used to reduce experimen-
al noises from the measured adherend-to-adherend displace-
ent ﬁelds then lies on the digital mapping of the adherend-to-
dherend axial (transverse) displacement ﬁelds as a set of 2D ma-
rices. First, the evolution of the axial (transverse) displacement
eld of each adherend is mapped as 3D tensors resuming both
he distributions of the adherend axial (transverse) displacements
earby the adhesive crack tip as well as their respective evolu-
ions. Then, the constructed 3D tensors of dimensions x, y and t
re rearranged in the form of simpler 2D matrices so that their
ew dimensions are respectively y and x ∗t (see Fig. B1 ). The con-
tructed 2D matrices are then ﬁltered using the rank-R reduction
pproximation based on the SVD of the raw experimental results,
o that R is chosen to capture 95% of the original data energy in
he sense of the Frobenius norm (see Fig. B2 ). The evolution of
ach adherend axial and transverse displacement ﬁelds are then
econstructed from their respective decompositions and rearranged
n the form of 3D tensors, so that the displacements of the upper
lower) neutral ﬁber are ﬁnally extracted from the reconstructed
xial and transverse displacement ﬁelds and formatted into the
elevant beam or plate theory (see Fig. B3 ). Finally, the differen-
iation of the adherends cross-section rotation is ensured by ﬁtting
 polynomial series so that the vertical deviation with experimen-
al data is minimized in the sense of the least squares method by
sing the Moore–Penrose pseudo inverse technique. 
Besides, a full factorial design of experiments is performed in
rder to assess the algorithmic parameters on the accuracy of the
easure. It consists in the following: (i) vary one factor at a time,
ii) perform experiments for all levels and combination of levels for
all factors, (iii) hence perform a large number of experiments, (iv)end axial and transverse displacement ﬁelds.
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